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Abstract
Let B be the Lie algebra of Block type over C with basis {Lα,i , C | α, i ∈ Z, i −1} and relations
[Lα,i,Lβ,j ] = ((i + 1)β − (j + 1)α)Lα+β,i+j +αδα+β,0δi+j,−2C, [C,Lα,i ] = 0. In this paper, it
is proved that a quasifinite irreducible B-module is a highest or lowest weight module. Furthermore,
the quasifinite irreducible highest weight modules are classified and the unitary ones are proved to
be trivial.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
Block [1] introduced a class of infinite dimensional simple Lie algebras over a field of
characteristic zero. Generalizations of Block algebras (usually referred to as Lie algebras
of Block type) have been studied by many authors (see, for example, [5,13,14,17–23]).
Partially because they are closely related to the Virasoro algebra (and some of them are
sometimes called Virasoro-like algebras [21]), these algebras have attracted some attention
in the literature. The structure theory of these algebras has been developed, however, their
representation theory does not seem to be well-developed yet.
In this paper, we study representations of the universal central extension B = B⊕ CC
of the Lie algebra of Block type, where B = span{Lα,i | α, i ∈ Z, i −1} with the bracket
[Lα,i,Lβ,j ] = ((i + 1)β − (j + 1)α)Lα+β,i+j . The central extension B is defined by the
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[5]) and thus has the following bracket:
[Lα,i,Lβ,j ] =
(
(i + 1)β − (j + 1)α)Lα+β,i+j + αδα+β,0δi+j,−2C, (1.1)
for α,β ∈ Z, i, j −1, where C is a central element.
We observe a deep fact that the Lie algebra B can be related to the well-known Lie
algebra W1+∞ of W-infinity algebras in the following way: W1+∞ = C[x, x−1,d/dx] ⊕
CC is the universal central extension of the Lie algebra of differential operators on the
circle with bracket[
xαDi, xβDj
]= xα+β((D + β)iDj − Di(D + α)j )+ φ(xαDi, xβDj )C,
for α,β ∈ Z, i, j  0, where D = x(d/dx) and (i
j
)
denotes the binomial coefficient, and
















i + j + 1
)
.
Define a natural filtration of W1+∞ by




xαDi,C | α ∈ Z, i  n+ 1} for n−2.
Then B is simply the associated graded Lie algebra of the filtered Lie algebra W1+∞.
The W-infinity algebras arise naturally in various physical theories, such as conformal
field theory, the theory of the quantum Hall effect, etc.; among them the most fundamental
one is the W1+∞ algebra, whose representation theory, of interest to both mathematicians
and physicists, has been well-developed (see, for example, [2,3,6–10,15]).
We can realize the Lie algebra B in the space C[x, x−1, t] ⊕ CC with the bracket[
xαf (t), xβg(t)
]= xα+β(βf ′(t)g(t) − αf (t)g′(t))+ αδα+β,0f (0)g(0)C, (1.2)
for α,β ∈ Z, f (t), g(t) ∈ C[t], where the prime stands for d/dt . Then B has a natural
Z-gradation: B =⊕α∈ZBα with
Bα =
{
tαf (t) | f (t) ∈ C[t]}+ δα,0CC. (1.3)
When we study representations of a Lie algebra of this kind, as pointed in [7,8], we
encounter the difficulty that though it is Z-graded, the graded subspaces are still infinite
dimensional, thus the study of quasifinite modules is a nontrivial problem.
The paper is organized as follows. In Section 2, after introducing a family of Lie
algebras B(Γ ) of Block type, we prove that B(Γ ) has a nontrivial quasifinite module if
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or lowest weight module (Theorem 2.1). Then in Sections 3 and 4, we classify quasifinite
irreducible highest weight modules and furthermore, the unitary ones are proved to be
trivial (Theorems 3.4 and 4.3).
2. Classification theorem
Let us start with general settings. Let F be a field of characteristic zero, Γ a nonzero
additive subgroup of F. Then there is a Lie algebra of Block type B(Γ ) (see, for example,
[1,19,22]) defined on the space F[Γ ] ⊗ F[t] ⊕ FC with bracket (1.2) for α,β ∈ Γ and
f (t), g(t) ∈ F[t], where {xα | α ∈ Γ } is the standard basis of the group algebra F[Γ ].
Choose a total ordering of Γ compatible with its group structure (when Γ = Z,
we always choose the natural ordering, and in this case, B = B(Z)). Then B(Γ ) =⊕
α∈Γ B(Γ )α is Γ -graded with graded subspaces defined as in (1.3). Setting B(Γ )± =⊕
±α>0B(Γ )α , we have the triangular decomposition
B(Γ ) = B(Γ )− ⊕ B(Γ )0 ⊕B(Γ )+.
Note that B(Γ )0 = F[t] + FC is a commutative subalgebra of B(Γ ) (but it is not a Cartan
subalgebra).
A module V over B(Γ ) is Γ -graded if V =⊕α∈Γ Vα and B(Γ )αVβ ⊂ Vα+β for all
α,β ; quasifinite if dimVβ < ∞ for all β ; uniformly bounded if there is N > 0 such that
dimVβ N for all β ; a module of the intermediate series if dimVβ  1 for all β .
Given Λ ∈ B(Γ )∗0 (the dual space of B(Γ )0), a highest (respectively lowest) weight
module over B(Γ ) is a Γ -graded module V (Λ) generated by a highest (respectively low-
est) weight vector vΛ ∈ V (Λ)0, i.e., vΛ satisfies
hvΛ = Λ(h)vΛ where h ∈ B(Γ )0, and
B(Γ )+vΛ = 0
(
respectively B(Γ )−vΛ = 0
)
.
A nonzero vector v in a Γ -graded module V is called singular or primitive if B(Γ )+v = 0.
Our first result is the following theorem.
Theorem 2.1. A quasifinite irreducible B-module is a highest or lowest module.
The analogous results for affine Lie algebras, the Virasoro algebra, higher rank Virasoro
algebras, and Lie algebras of Weyl type were obtained in [4,11,15,16] (in our case
here, there does not exist a nontrivial module of the intermediate series, nor a nontrivial
uniformly bounded module).
The proof of the above theorem will follow from Lemmas 2.2–2.3 below.
We denote
Lα,i = xαti+1 for α ∈ Γ, i −1.
120 Y. Su / Journal of Algebra 276 (2004) 117–128Then (1.2) is equivalent to (1.1). Denote
Vir(Γ ) = span{Lα,0 | α ∈ Γ }.
Then Vir(Γ ) forms a centerless (generalized) Virasoro algebra under bracket (1.1)
(cf. [15]).
Lemma 2.2. Suppose V is a quasifinite irreducible B-module without highest and lowest
weights. Then
L±1,−1 : Vα → Vα±1,
are injective, thus bijective for α ∈ Z. In particular, V is uniformly bounded.
Proof. Say L1,−1v0 = 0 for some 0 
= v0 ∈ V0. Since C|V0,L0,−1|V0,L0,0|V0, . . . are linear
transformations on the finite-dimensional vector space V0, there exists s  2 such that for
all k  s, L0,k|V0 are linear combinations of C|V0,L0,p|V0 for 0 p < s. This implies that
B0v0 = Sv0, where S = span{C,L0,p | 0 p < s}.
Notice that the adjoint operator adL1,−1 is locally nilpotent such that Bα = adαL1,−1(B0) for










This means that B[β,∞)v0 = 0, where B[β,∞) =⊕αβ Bα . The rest of the proof is exactly
similar to that of [15, Proposition 2.1]. 
Lemma 2.3. An irreducible uniformly bounded B-module V is trivial.
Proof. It is well known that a nontrivial highest or lowest weight module is not uniformly
bounded (this can be also proved by regarding V as a Vir(Z)-module, cf. [16]). Suppose
V is nontrivial, then by Lemma 2.2, L±1,−1 acts nondegenerately on V . Thus there exists
N > 0 such that dimVα = N for all α ∈ Z.
Claim 1. L−1,1|V is bijective.
Denote g= span{L−1,1,L0,0,L1,−1}, the sl(2)-subalgebra of B. Then V is a uniformly
bounded g-module. Hence V has finite length as a g-module (cf. [12, Lemma 3.3]).
Assume that the action of L−1,1 on V is not bijective. Then the action of L−1,1 on
V is neither injective nor surjective, in particular, there are some elements, annihilated
by L−1,1. Since V has a finite length as a g-module, standard sl(2)-theory implies that
the number of weight spaces, where there are elements, annihilated by L−1,1, is finite (as
in any irreducible weight sl(2)-module the kernel of L−1,1 is at most one-dimensional).
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= v ∈ Vλ such that
L−1,1v = 0. In particular,
L−1,1|Vµ is injective for µ < λ. (2.1)
Set T = span{Lα,i | Lα,iv = 0}. We have L−1,1 ∈ T and adL−1,1 : T → T (in fact T is
certainly closed under the adjoint operation with respect to any element from T ).
Subclaim (a). If Lα,i ∈ T and α < −1, then Lα+1,i−1 ∈ T .
This follows from (2.1) and the facts that Lα+1,i−1v has degree < λ and that
L−1,1Lα+1,i−1v = Lα+1,i−1L−1,1v +
(
2(α + 1) + i)Lα,iv = 0 (cf. (1.1)).
Let K > 1 be a positive integer such that for i > K the restriction L0,i |Vλ is a linear
combination of C|Vλ , L0,j |Vλ , −1 j K . Note that for i  0 we have adi+2L−1,1(L0,i) = 0.
Subclaim (b). L−K−2,i ∈ T for all i > 2K + 2.
Set C =⊕i>2K+2 FL−K−2,i and D =⊕i>K FL0,i . Then C = adK+2L−1,1(D). We have
Cv = adK+2L−1,1(D)v = LK+2−1,1Dv ⊂ LK+2−1,1
(





span{L0,j ,C | j = −1,0, . . . ,K}
)
v = 0.
Subclaim (c). Lα,i ∈ T for all α −K − 2 and all i such that 2α + i + 1 0.
Applying adL−1,1 to C , we will get precisely the linear span of the elements in the
formulation. The result now follows from the fact that T is stable under adL−1,1 .
For every negative integer β the elements Lβ,iv, i = −1,0, . . . ,N , are linearly
dependent as the dimensions of all grading spaces of V are at most N . Hence for every







for some constants ai,β . Set uβ = Lβ,i0 +
∑N
i=i0+1 aβ,iLβ,i . Certainly [uβ, x]v = 0 for
every x ∈ T ; in particular, [uβ,C]v = 0.
For β < −K − 2 and i > 2(K + 2 − β) we have 2(−K − 2 + β)+ (i − 1)+ 1 > 0 and
hence L−K−2+β,i−1 ∈ T by Subclaim (c).
Subclaim (d). Let β < −K − 2 −N . Then L−K−2+β,i ∈ T for all i > 2K + 2 +N (notice
that the last estimate does not depend on β).
From the previous paragraph we know that the statement is true in the case i >
2(K + 2 − β). Let us now show that if i > 2K + 2 + N , then we can do the downward
induction, i.e., that L−K−2+β,j ∈ T for all j > i implies that L−K−2+β,i ∈ T . This will
certainly do the job.
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element L−K−2,i−i0 . Since i0  N and i > 2K + 2 + N , we have i − i0 > 2K + 2 and
hence L−K−2,i−i0 ∈ T by Subclaim (b). Furthermore, we have








for some constants b, bβ,s . Since i− i0 +s > i , we have L−K−2+β,i−i0+s ∈ T (by inductive
assumption) and hence bL−K−2+β,iv = 0. Note that for all β < −K − 2 − N the point
(β, i0) (with i0  N ) satisfies 2β + i0 + 1 < 0 and hence does not belong to the straight
line through (0,−1) and (−K − 2, i − i0) (all points (x, y) with x < 0 on the latter line
obviously satisfy 2x +y +1 > 0). This implies that Lβ,i0 and L−K−2,i−i0 do not commute
and hence b 
= 0. Thus L−K−2+β,iv = 0 and L−K−2+β,i ∈ T .
Take now all β < −(3K + 2N + 6) and apply 2K + N + 4 times Subclaim (a) to the
subset of T given by Subclaim (d). It follows that Lβ,i ∈ T for all β < −(K + N + 2)
and all i −1. Now applying Subclaim (a) to the last obtained set K + N + 2 times, we
obtain that Lβ,i ∈ T for all i −1 and all negative β . Hence V is a lowest weight module.
A contradiction. This completes the proof of Claim 1.
Now note that the element L1,−1 is locally nilpotent on B, hence we can form the Ore
localization of U(B) (the universal enveloping algebra of B) with respect to {Li1,−1 | i ∈ N}
and consider the corresponding Mathieu automorphisms of the localized algebra (see [12,
Lemmas 4.2 and 4.3]). Now, twisting the module V with respect to these automorphisms,
we will get many new irreducible quasifinite uniformly bounded B-modules. But, using
[12, Lemma 5.1], it follows that in some of these modules the action of the element L−1,1
will not be bijective. Using now the first statement of the proof of the lemma (that there are
no nontrivial highest weight uniformly bounded B-modules), we get a contradiction with
Claim 1. This completes the proof of the lemma. 
Theorem 2.4. A quasifinite irreducible B(Γ )-module V is trivial if Γ 
∼= Z.
Proof. Regard V as a Vir(Γ )-module and use the results in [16] (cf. [15, Proposition 3.1]),
We can prove: if V is nontrivial, then there exists a (rank one) centerless Virasoro
subalgebra Vir(Za) (for some a ∈ Γ ) and there exists a nontrivial composition factor W
of V (regarding as a Vir(Za)-module), such that W is a module of the intermediate series;
and furthermore, we can obtain that there exists a nontrivial uniformly bounded module
over B(Za), a contradiction with Lemma 2.3. 
3. Quasifinite irreducible highest weight modules over B
Now we consider the Lie algebra B = B(Z). We follow [7] closely in this section.
A Verma module over B is defined as the induced module
M(Λ) = U(B) ⊗U(B ⊕B+) FΛ,0
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h ∈ B0, n ∈ B+, and c ∈ FΛ, and where in general, U(L) stands for the universal
enveloping algebra of a Lie algebra L. Then any highest weight module V (Λ) is a quotient
module of M(Λ) and the irreducible highest weight module L(Λ) is the quotient of M(Λ)
by the maximal proper Z-graded submodule.
Suppose P is a parabolic subalgebra of B, i.e.,
P ⊃ B0 ⊕B+ 
=P .
Then P = ⊕α∈ZPα such that Pα = Bα for α  0 and Pα 
= {0} for some α < 0. Let
Λ ∈ B∗0 be such that Λ|B0∩[P,P] = 0. Then the (B0 ⊕ B+)-module FΛ extends to aP-module by letting Pα act as zero for α < 0. We define the highest weight module
M(P,Λ) = U(B)⊗U(P) FΛ,
called a generalized Verma module.









[[a,B0],B0], . . . , ]}, Pa−α−1 = [Pa−1,Pa−α].
Also, we have
Ba0 :=
[Pa,Pa]∩B0 = [a,B1]. (3.1)
A parabolic subalgebra P is nondegenerate if P−α has finite codimension in B−α for all
α > 0; a nonzero element a ∈ B−1 is nondegenerate if Pa is nondegenerate. We have the
following lemma.
Lemma 3.1. The Lie algebra B satisfies the following three properties:
(i) B0 is commutative;
(ii) if a ∈ B−β for some β > 0 and [a,B1] = 0, then a = 0;
(iii) if P is a nondegenerate parabolic subalgebra of B, then there exists a nondegenerate
element a such that Pa ⊂P .
Proof. (i) and (ii) follow directly from (1.1), while (iii) follows from Lemma 3.2
below. 
Lemma 3.2.
(1) Any nonzero element a ∈ B−1 is nondegenerate.
124 Y. Su / Journal of Algebra 276 (2004) 117–128(2) Any parabolic subalgebra of B is nondegenerate.




)′ − f (0)g(0)C ∣∣ g(t) ∈ F[t]}.
Proof. Suppose P is a parabolic subalgebra. Then P−β 
= {0} for some β > 0. Let
I−β =
{
f (t) ∈ F[t] ∣∣ x−βf (t) ∈ P−β}.
Since [x−βf (t), g(t)] = βx−βf (t)g′(t) for all g(t) ∈ F[t], we obtain f (t)F[t] ⊂ I−β if
f (t) ∈ I−β . In particular, P−β has finite codimension in B−β . Using (1.1), by induction
on β , we have P−1 
= {0}. Then by induction on α > 0, we obtain P−α 
= {0}, and so P−α
has finite codimension in B−α . Thus we have (2), which implies (1). By (1.1),[
x−1f (t), xg(t)
]= f ′(t)g(t) + f (t)g′(t) − f (0)g(0)C,
for g(t) ∈ F[t], so (3) follows from (3.1). 
By Lemma 3.1 and [7, Theorem 2.5], we have the following lemma.
Lemma 3.3. The following conditions on Λ ∈ B∗0 are equivalent:
(1) M(Λ) contains a singular vector a · vΛ in M(Λ)−1, where a is nondegenerate;
(2) there exists a nondegenerate element a ∈ B−1 such that Λ(Ba0 ) = 0;
(3) L(Λ) is quasifinite;
(4) there exists a nondegenerate element a ∈ B−1 such that L(Λ) is the irreducible
quotient of the generalized Verma module M(Pa,Λ).
Let L(Λ) be a quasifinite irreducible highest weight module over B. By Lemma 3.3,
there exists some monic polynomial f (t) such that (x−1f (t))vΛ = 0. We shall call such
monic polynomial of minimal degree, uniquely determined by the highest weight Λ, the
characteristic polynomial of L(Λ).
A function Λ ∈ B∗0 is described by the central charge c = Λ(C) and its labels
Λi = −Λ(ti) for i  0. We introduce the generating series









A quasipolynomial ∆(z) is a linear combination of functions of the form p(z)eαz, where
p(z) ∈ F[z], α ∈ F. Recall [7,8] the well-known characterization that a formal power series
is a quasipolynomial if and only if it satisfies a nontrivial linear differential equation with
constant coefficients.
We have the following characterization of quasifinite irreducible highest weight
modules.
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nomial.
Proof. By Lemmas 3.2(3) and 3.3(2), we see that L(Λ) is quasifinite if and only if there




)′ − f (0)g(0)C)= 0 for all g(t) ∈ F[t].
Equivalently, using ezt = ∑i0(zi/i!)ti as a generating series of F[t], we can take
g(t) = ezt ; then by f (t)ezt = f (∂/∂z)ezt and by recalling that the prime stands for ∂/∂t ,
we have




































i.e., L(Λ) is quasifinite if and only if ∆Λ(z) is a quasipolynomial. 







where I ⊂ F is a finite subset such that pγ (z) 
= 0 if γ ∈ I . The numbers γ ∈ I are
exponents of the B-module L(Λ), and pγ (z) is the multiplicity of γ , denoted by mult(γ ).





The following is clear by the proof of Theorem 3.4.
Corollary 3.5. Let L(Λ) be a quasifinite irreducible highest weight module over B such
that f (t) is the characteristic polynomial. Then f (d/dz)∆Λ(z) = 0 is the minimal order
homogeneous linear differential equation with constant coefficients satisfied by ∆Λ(z).
Furthermore, the exponents γ ∈ I are all roots of the polynomial of f (t).
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In this section, we shall describe unitary irreducible highest weight modules. Unfortu-
nately, unlike W1+∞, by Theorem 2.1 one can see that there is no natural embedding of B
into ĝl∞. We shall prove that a unitary quasifinite irreducible highest weight module over
B is trivial.




)= x−αf (t), (4.1)
where f (t) =∑i0 f i ti for f (t) =∑i0 fi ti , fi ∈ C, and f i is the conjugate number
of fi .
Lemma 4.1. The map ω is an anti-involution of B, i.e.,
ω2 = id, ω(λa) = λω(a), ω([a, b])= [ω(b),ω(a)], (4.2)
for λ ∈ C, a, b ∈ B. Furthermore, ω(Bα) = B−α for α ∈ Z.




])= ω(xα+β(βf ′(t)g(t) − αf (t)g′(t)))
= x−α−β(βf ′(t)g(t) − αf (t)g′(t))
= [x−βg(t), x−αf (t)]= [ω(xβg(t)),ω(xαf (t))].
Thus ω is an anti-involution. 
A module V over B is unitary (with respect to the anti-involution ω) if there exists a
positive definite Hermitian form H(· , ·) on V such that it is contravariant (i.e., ω(a) and
a are adjoint operators on V with respect to H for a ∈ B).
Lemma 4.2. Suppose V = L(Λ) is a unitary quasifinite irreducible highest weight B-
module and f (t) is the characteristic polynomial. Then f (t) has only simple real roots. In
particular, ∆Λ(z) =∑γ∈I pγ eγ z for some I ⊂ R and pγ ∈ C.
Proof. First, using H(tivΛ, vΛ) = H(vΛ, tivΛ), we obtain that Λi are real for i  0.
Similarly, the central charge c is also real. From definition of f (t), we obtain that V−1




∣∣ 0 i < degf }.
Let T = − 12 (t2 + Λ2) ∈ B0. By induction on i  0, we have T i(x−1vΛ) = (x−1t i )vΛ. It
follows that f (T )(x−1vΛ) = 0 and that {T i(x−1vΛ) | 0  i < degf } is a basis of V−1.
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self-adjoint, all the roots of f (t) are real.
Suppose f (t) = (t − γ )mg(t) with γ ∈ R, m 1 and g(t) ∈ C[t]. Then
v = (T − γ )m−1g(T )(x−1vΛ) ∈ V−1,
is nonzero, but
H(v, v) = H (g(T )(x−1vΛ), (T − γ )2m−2g(T )(x−1vΛ))= 0 if m 2.
Hence the unitarity condition implies m = 1. The last statement of Lemma 4.2 follows
from (3.4) and Corollary 3.5. 
Theorem 4.3. If L(Λ) is unitary, then it is trivial.
Proof. Suppose L(Λ) is nontrivial. Then the characteristic polynomial f (t) is not a
constant. Let u = (x−2f (t))vΛ ∈ L(Λ)−2. Then
x1 · u = [x1, x−2f (t)]vΛ = −(x−1f ′(t))vΛ 
= 0.
Thus u 
= 0. Assume that H(vΛ,vΛ) = 1. Then by (1.2), (3.2), (3.3), (4.1), and the facts
that f (t) is a real polynomial and that f (t) = f (∂/∂z)ezt |z=0, we have
0 < H(u,u) = H ((x2f (t))(x−2f (t))vΛ,vΛ)= 2H ((f (0)2C − (f (t)2)′)vΛ,vΛ)





























a contradiction, where the last equality follows from Corollary 3.5. 
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